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1 Introduction

In the last years triangle meshes have become increasingly
popular and are nowadays intensively used in many differ-
ent areas of computer graphics and geometry processing. In
classical CAGD irregular triangle meshes developed into a
valuable alternative to traditional spline surfaces, since their
conceptual simplicity allows for more flexible and highly ef-
ficient processing.

Moreover, the consequent use of triangle meshes as sur-
face representation avoids error-prone conversions, e.g., from
CAD surfaces to mesh-based input data of numerical sim-
ulations. Besides classical geometric modeling, other ma-
jor areas frequently employing triangle meshes are computer
games and movie production. In this context geometric mod-
els are often acquired by 3D scanning techniques and have to
undergo post-processing and shape optimization techniques
before being actually used in production.

This course discusses the whole geometry processing
pipeline based on triangle meshes. We will first introduce
general concepts of surface representations and point out the
advantageous properties of triangle meshes in Chapter 2, and
present efficient data structures for their implementation in
Chapter 3.

The different sources of input data and types of geomet-
ric and topological degeneracies and inconsistencies are de-
scribed in Chapter 4, as well as techniques for their re-
moval, resulting in clean two-manifold meshes suitable for
further processing. Mesh quality criteria measuring geomet-
ric smoothness and element shape together with the corre-
sponding analysis techniques are presented in Chapter 6.

Mesh smoothing reduces noise in scanned surfaces by gen-
eralizing signal processing techniques to irregular triangle
meshes (Chapter 7). Similarly, the underlying concepts from
differential geometry are useful for surface parametrization
as well (Chapter 8). Due to the enormous complexity of
meshes acquired by 3D scanning, mesh decimation tech-
niques are required for error-controlled simplification (Chap-
ter 9). The shape of triangles, which is important for the
robustness of numerical simulations, can be optimized by
general remeshing methods (Chapter 10).
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1 Introduction

After optimizing meshes with respect to the different quality criteria, we finally present tech-
niques for intuitive and interactive shape deformation (Chapter 11). Since solving linear systems
is a commonly required component for many of the presented mesh processing algorithms, we
will discuss their efficient solution and compare several existing libraries in Chapter 12.

These notes supplement the full day SIGGRAPH 2007 course “Geometric Modeling Based on
Polygonal Meshes”. The material is partly based on the course notes of our previous tutorial
“Geometric Modeling Based on Triangle Meshes”, co-authored by Mario Botsch, Mark Pauly,
Christian Rossl, Stephan Bischoff, and Leif Kobbelt and held at SIGGRAPH and Eurographics
2006. The current document therefore contains contributions of both this year’s and last year’s
course presenters.

Mario Botsch & Mark Pauly

with Leif Kobbelt, Pierre Alliez, and Bruno Lévy
May 2007.
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2 Surface Representations

The efficient processing of geometric objects requires — just like in any other field of computer
science — the design of suitable data structures. For each specific problem in geometry process-
ing we can identify a characteristic set of operations by which the computation is dominated and
hence we have to choose an appropriate data structure which supports the efficient implementa-
tion of these operators. From a high level point of view, there are two major classes of surface
representations: parametric representations and implicit representations.

Parametric surfaces are defined by a vector-valued parametrization function f : 2 — S, that
maps a two-dimensional parameter domain Q C IR? to the surface S = f () € IR®. In contrast,
an implicit (or volumetric) surface is defined to be the zero-set of a scalar-valued function F' :
R® — R, ie., S = {x € R* | F(x) = 0}. Analogously we can define curves in a parametric
fashion by functions f : @ — § with Q = [a,b] C R. A corresponding implicit definition is
only available for planar curves, i.e., C = {x € R?*|F(x) = 0} with F : R* — RR. A simple
two-dimensional example is the unit circle, which can be defined by the range of a parametric

function: 0
) 2 cos (t
f:[0,27r] - R”, t’_}(sin(t))

as well as by the kernel of the implicit function

F:R?* =R, (z,y)—a2+y2-1.

For more complex shapes it is often not feasible to find an explicit formulation with a single
function which approximates the given shape sufficiently accurately. Hence the function domain
is usually split into smaller sub-regions and an individual function (surface patch) is defined for
each segment. In this piecewise definition, each function needs to approximate the given shape
only locally while the global approximation tolerance is controlled by the size and number of
the segments. The mathematical challenge is to guarantee a smooth transition from each patch
to its neighboring ones. The most common piecewise surface definition in the parametric case
is the segmentation of ) into triangles or quadrilaterals. For implicit surface definitions, the
embedding space is usually split into cubical (vozels) or tetrahedral cells.

Both, parametric and implicit representations have their particular strengths and weaknesses,
such that for each geometric problem the better suited one should be chosen. In order to analyze
geometric operations and their requirements on the surface representation, one can classify them
into the following three categories [Kob03]:

Evaluation: The sampling of the surface geometry or of other surface attributes, e.g., the
surface normal field. A typical application example is surface rendering.

Query: Spatial queries are used to determine whether or not a given point p € R? is inside or
outside of the solid bounded by a surface S, which is a key component for solid modeling
operations. Another typical query is the computation of a point’s distance to a surface.

Modification: A surface can be modified either in terms of geometry (surface deformation),
or in terms of topology, e.g., when different parts of the surface are to be merged.

13



2 Surface Representations

We will see in the following that parametric and implicit surface representations have comple-
mentary advantages with respect to these three types of geometric operations, i.e., the strengths
of the one are often the drawbacks of the other. Hence, for each specific geometric problem
the more efficient representation should be chosen, which, in turn, requires efficient conversion
routines between the two representations (Section 2.5).

2.1 Surface Definition and Properties

The common definition of a surface in the context of computer graphics applications is that
of an orientable continuous two-dimensional manifold embedded in IR®. Intuitively, this can
be understood as the boundary surface of a non-degenerate three-dimensional solid where non-
degenerate means that the solid does not have any infinitely thin parts or features such that the
surface properly separates the “interior” and “exterior” of the solid. A (non-closed) surface with
boundaries is one that can be extended into a proper boundary surface by filling the holes.

Since in most applications the raw information about the input surface is obtained by discrete
sampling (i.e., evaluation if there already exists a digital representation, or probing if the input
comes from a real object), the first step in generating a mathematical surface representation is
to establish continuity. This requires to build a consistent neighborhood relation between the
samples.

While this so-called geodesic neighborhood relation (in contrast to spatial neighborhood) is
difficult to access in implicit representations, it is easy to extract from parametric representations
where two points on the surface are in geodesic proximity if the corresponding pre-images in €2 are
close to each other. From this observation we can derive an alternative characterization of local
manifoldness: A continuous parametric surface is locally manifold at a surface point p if for each
other surface point q within a sufficiently small sphere of radius  around p the corresponding
pre-image is contained in a circle of some radius ¢ = O(§) around the pre-image of p. A more
intuitive way to express this condition is that the surface patch which lies within a sufficiently
small d-sphere around p is topologically equivalent (homeomorphic) to a disk. Since this second
definition does not require a parametrization, it applies to implicit representations as well.

When generating a continuous surface from a set of discrete samples, we can either require
this surface to interpolate the samples or to approximate them subject to a certain prescribed
tolerance. The latter case is considered more relevant in practical applications since samples are
usually affected by position noise and the surface inbetween the samples is an approximation
anyway. In the next section we will consider the issue of approximation in more detail.

Except for a well-defined set of sharp feature curves and corners, a surface should be smooth
in general. Mathematically this is measured by the number k of continuous derivatives that the
functions f or F have. Notice that this analytical definition of C* smoothness coincides with
the intuitive geometrical understanding of smoothness only if the partial derivatives of f or the
gradient of I, respectively, do not vanish locally.

An even stricter requirement for surfaces is fairness where not only the continuity of the
derivatives but also their variation is considered. There is no general formal definition of fairness,
but a surface is usually considered fair if, e.g., the curvature or its variation is globally minimized
(see. Figure 2.1).

In Section 5 we will explain how the notion of curvature can be generalized to polygon meshes
such that properties like smoothness and fairness can be applied to meshes as well.

14



2.2 Approximation Power

Figure 2.1: This figure shows three examples of fair surfaces, which define a blend between two
cylinders. On the left there is a membrane surface which minimizes the surface area. In the
center, a thin-plate surface which minimizes curvature. On the right there is a surface which
minimizes the variation of mean curvature.

2.2 Approximation Power

The exact mathematical modeling of a real object or its boundary is usually intractable. Hence
a digital surface representation can only be an approximation in general. In order to simplify the
approximation tasks, the domain of the representation is often split into small segments and for
each segment a function (a patch) is defined which locally approximates that part of the input
that belongs to this segment.

Since our surface representations are supposed to support efficient processing, a natural choice
is to restrict functions to the class of polynomials because those can be evaluated by elementary
arithmetic operations. Another justification for the restriction to polynomials is the well-known
Weierstrass theorem which guarantees that each smooth function can be approximated by a
polynomial up to any desired precision.

From calculus we know that a C*° function g with bounded derivatives can be approximated
over an interval of length h by a polynomial of degree p such that the approximation error behaves
like O(hP*!) (e.g., Taylor theorem, generalized mean value theorem). As a consequence there
are, in principle, two possibilities to improve the accuracy of an approximation with piecewise
polynomials. We can either raise the degree of the polynomial (p-methods) or we can reduce the
size of the individual segments and use more segments for the approximation (h-methods).

In geometry processing applications, h-methods are usually preferred over p-methods since for a
discretely sampled input surface we cannot make reasonable assumptions about the boundedness
of higher order derivatives. Moreover, for piecewise polynomials with higher degree, the C*
smoothness conditions between segments are sometimes quite difficult to satisfy. Finally, with
today’s computer architectures, processing a large number of very simple objects is often much
more efficient than processing a smaller number of more complex ones. This is why the somewhat
extremal choice of C? piecewise linear surface representations has become the widely established
standard in geometry processing.

While for parametric surfaces, the O(hP™1) approximation error estimate follows from the
mean value theorem in a straightforward manner, a more careful consideration is necessary for
implicit representations. The generalized mean value theorem states that if a sufficiently smooth

15



2 Surface Representations

function g over an interval [a,a + h] is interpolated at the abscissae to, ..., by a polynomial f
of degree p then the approximation error is bounded by

1 p
——— max fPTV [ (t; —t) = ORP*Y).
(p+ 1) EJ

If(#) =9Il <
For an implicit representation G : R®> — R and the corresponding polynomial approximant F'
this theorem is still valid but here the actual surface geometry is not defined by the function
values G(x), for which this theorem gives an error estimate, but by the zero level-set of G, i.e.,
by {x € R*|G(x) = 0}.

Consider a point x on the implicit surface defined by the approximating polynomial F', i.e.,
F(x) = 0. We can find a corresponding point x + d on the implicit surface defined by G, i.e.,
G(x+d) = 0 by shooting a ray in normal direction to F, i.e., d = d VF/||VF||. For a sufficiently
small voxel size h, we obtain

 [Fx+d)

[Fx+d)| = [d[|[VE&)| = | = TVE

and from the mean value theorem
[F(x+d) - G(x+d)| = [F(x+d)| = OA"*).

which yields |d| = O(hP™1) if the gradient ||VF|| is bounded from below by some € > 0. In
practice one tries to find an approximating polynomial F' with low gradient variation in order to
have a uniform distribution of the approximation error.

2.3 Parametric Surface Representations

Parametric surface representations have the advantage that the function f : 2 — S enables the
reduction of several three-dimensional problems on the surface S to two-dimensional problems in
the parameter domain 2. For instance, points on the surface can easily be generated by simple
function evaluations of f, which obviously allows for efficient evaluation operations. In a similar
manner, geodesic neighborhoods, i.e., neighborhoods on the surface S, can easily be found by
considering neighboring points in the parameter domain 2. A simple composition of f with a
deformation function d : R* — R® results in an efficient modification of the surface geometry.

On the other hand, generating a parametric surface parameterization f can be very complex,
since the parameter domain €2 has to match the topological and metric structure of the surface &
(Chapter 8). When changing the shape of S, it might be necessary to update the parameterization
accordingly in order to reflect the respective changes of the underlying geometry: A low-distortion
parameterization requires the metrics in S and €0 to be similar, and hence we have to avoid or
adapt to excessive stretching.

Since the surface S is defined as the range of the parameterization f, its topology is equivalent to
that of Q if f is continuous and injective. This implies that changing the topology of a parametric
surface S can be extremely complicated, since not only the parameterization but also the domain
Q2 has to be adjusted accordingly. The typical inside/outside or signed distance queries are in
general also very expensive on parametric surfaces. The same applies to the detection of self-
collisions (= non-injectivities). Hence, topological modification and spatial queries are definitely
the weak points of parametric surfaces.

16



2.3 Parametric Surface Representations

Figure 2.2: Subdivision surfaces are generated by an iterative refinement of a coarse control
mesh.

2.3.1 Spline Surfaces

Tensor-product spline surfaces are the standard surface representation of today’s CAD systems.
They are used for constructing high-quality surfaces from scratch as well as for later surface
deformation tasks. Spline surfaces can conveniently be described by the B-spline basis functions
N (-), for more detail see [Far97, PT97, PBP02].

A tensor product spline surface f of degree n is a piecewise polynomial surface that is built by
connecting several polynomial patches in a smooth C™~! manner:

£:00,1> — R?

(u,v) +— chiij(U)N;L(U)'

i=0 j=0

The control points c;; € IR? define the so-called control grid of the spline surface. Because
N™(u) > 0 and ), N/* = 1, each surface point f (u,v) is a convex combination of the control
points c;j, i.e., the surface lies within the convex hull of the control grid. Due to the small
support of the basis functions, each control point has local influence only. These two properties
cause spline surfaces to closely follow the control grid, thereby providing a geometrically intuitive
metaphor for modeling surfaces by adjusting its control points.

A tensor-product surface — as the image of a rectangular domain under the parameterization f
— always represents a rectangular surface patch embedded in IR®. If shapes of more complicated
topological structure are to be represented by spline surfaces, the model has to be decomposed
into a large number of (possibly trimmed) tensor-product patches.

As a consequence of these topological constraints, typical CAD models consist of a huge col-
lection of surface patches. In order to represent a high quality, globally smooth surface, these
patches have to be connected in a smooth manner, leading to additional geometric constraints,
that have to be taken care of throughout all surface processing phases. The large number of
surface patches and the resulting topological and geometric constraints significantly complicate
surface construction and in particular the later surface modeling tasks.

2.3.2 Subdivision Surfaces

Subdivision surfaces [ZSDT00] can be considered as a generalization of spline surfaces, since they
are also controlled by a coarse control mesh, but in contrast to spline surfaces they can represent
surfaces of arbitrary topology. Subdivision surfaces are generated by repeated refinement of
control meshes: After each topological refinement step, the positions of the (old and new) vertices

17



2 Surface Representations

are adjusted based on a set of local averaging rules. A careful analysis of these rules reveals that
in the limit this process results in a surface of provable smoothness (cf. Fig. 2.2).

As a consequence, subdivision surfaces are restricted neither by topological nor by geometric
constraints as spline surfaces are, and their inherent hierarchical structure allows for highly
efficient algorithms. However, subdivision techniques are restricted to surfaces with so-called
semi-regular subdivision comnectivity, i.e., surface meshes whose triangulation is the result of
repeated refinement of a coarse control mesh. As this constraint is not met by arbitrary surfaces,
those would have to be remeshed to subdivision connectivity in a preprocessing step [EDD 195,
LSST98, KVLS99, GVSS00]. But as this remeshing corresponds to a resampling of the surface,
it usually leads to sampling artifacts and loss of information. In order to avoid the restrictions
caused by these connectivity constraints, our goal is to work on arbitrary triangle meshes, as they
provide higher flexibility and also allow for efficient surface processing.

2.3.3 Triangle Meshes

In many geometry processing algorithms triangle meshes are considered as a collection of triangles
without any particular mathematical structure. In principle, however, each triangle defines, via
its barycentric parametrization, a linear segment of a piecewise linear surface representation.

Every point p in the interior of a triangle [a, b, c] can be written as a barycentric combination
of the corner points:
p =aa+fBb+~yc

with
at+f+y =1

By choosing an arbitrary triangle [u,v,w] in the parameter domain, we can define a linear
mapping f : R? - R? with

au+fv+yw — a«aa+pfb+n~c (2.1)

In Chapter 8 we will discuss methods to choose the triangulation in the parameter domain such
that the distortion caused by the mapping from IR? to IR® is minimized.

A triangle mesh M consists of a geometric and a topological component, where the latter can
be represented by a graph structure (simplicial complex) with a set of vertices

V = {1)1,...,1)\/}
and a set of triangular faces connecting them
F={fi.-- . fr}, [ieVxVxV.

However, as we will see in Chapter 3, it is sometimes more efficient to represent the connectivity
of a triangle mesh in terms of the edges of the respective graph

E={e,....,eg}, € EVXV.

The geometric embedding of a triangle mesh into IR? is specified by associating a 3D position P;
to each vertex v; € V:

P={py,....pv}, P;=p)=| y) | eR®,

18



2.3 Parametric Surface Representations

Figure 2.3: Each subdivision step halves the edge lengths, increases the number of faces by a
factor of 4, and reduces the error by a factor of %.

= Ay 7=

Figure 2.4: Two surface sheets meet at a non-manifold vertex (left). A non-manifold edge has
more than two incident faces (center). The right configuration, although being non-manifold in
the strict sense, can be handled by most data structures.

such that each face f € F actually represents a triangle in 3-space specified by its three vertex
positions. Notice that even if the geometric embedding is defined by assigning 3D positions to
the (discrete) vertices, the resulting polygonal surface is still a continuous surface consisting of
triangular pieces with linear parametrization functions (2.1).

If a sufficiently smooth surface is approximated by such a piecewise linear function, the ap-
proximation error is of the order O(h?), with h denoting the maximum edge length. Due to this
quadratic approximation power, the error is reduced by a factor of 1/4 when halving the edge
lengths. As this refinement splits each triangle into four sub-triangles, it increases the number
of triangles from F to 4F (cf. Fig. 2.3). Hence, the approximation error of a triangle mesh is
inversely proportional to the number of its faces. The actual magnitude of the approximation
error depends on the second order terms of the Taylor expansion, i.e., on the curvature of the
underlying smooth surface. From this we can conclude that a sufficient approximation is possi-
ble with just a moderate mesh complexity: The vertex density has to be locally adapted to the
surface curvature, such that flat areas are sparsely sampled, while in curved regions the sampling
density is higher.

As stated before, an important topological quality of a surface is whether or not it is two-
manifold, which is the case if for each point the surface is locally homeomorphic to a disk (or
a half-disk at boundaries). A triangle mesh is two-manifold, if it does neither contain non-
manifold edges or non-manifold vertices, nor self-intersections. A non-manifold edge has more
than two incident triangles and a non-manifold vertex is generated by pinching two surface sheets
together at that vertex, such that the vertex is incident to two fans of triangles (cf. Fig. 2.4). Non-
manifold meshes are problematic for most algorithms, since around non-manifold configurations
there exists no well-defined local geodesic neighborhood.
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2 Surface Representations

Figure 2.5: From left to right: sphere of genus 0, torus of genus 1, double-torus of genus 2.

The famous Euler formula [Cox89] states an interesting relation between the numbers of ver-
tices V, edges E and faces/triangles F' in a closed and connected (but otherwise unstructured)
mesh:

V-E+F=21-g), (2.2)

where g is the genus of the surface and intuitively represents the number of handles of an object
(cf. Fig. 2.5). Since for typical meshes the genus is small compared to the numbers of elements,
the right-hand side of Eq. (2.2) can be assumed to be almost zero. Given this and the fact that
each triangle is bounded by three edges and that each (interior) edge is incident to two triangles,
one can derive the following mesh statistics:

e The number of triangles is twice the number of vertices: F' ~ 2V
e The number of edges is three times the number of vertices: E =~ 3V.

e The average vertex valence (number of incident edges) is 6.

These relations will become important when considering data structures or file formats for tri-
angle meshes in Chapter 3.

For piecewise (polynomial) surface definitions, the most difficult part is the construction of
smooth transitions between neighboring patches. Since for triangle meshes, we only require
C° continuity, we only have to make sure that neighboring faces share a common edge (two
common vertices). This makes polygon meshes the most simple and flexible continuous surface
representation. Since the development of efficient algorithms for triangle meshes depends on the
availability of suitable data structures, we will discuss this topic in detail in Chapter 3.

2.4 Implicit Surface Representations

The basic concept of implicit or volumetric representations of geometric models is to characterize
the whole embedding space of an object by classifying each 3D point to lie either inside, outside,
or exactly on the surface S bounding a solid object.

There are different representations for implicit functions, like continuous algebraic surfaces,
radial basis functions, or discrete voxelizations. In any case, the surface S is defined to be the
zero-level iso-surface of a scalar-valued function F : R®* — IR. By definition, negative function
values of F' designate points inside the object and positive values points outside the object, such
that the zero-level iso-surface S separates the inside from the outside.
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2.4 Implicit Surface Representations

U+0-¢-§@

Figure 2.6: A complex object constructed by boolean operations.

As a consequence, geometric inside/outside queries simplify to function evaluations of F' and
checking the sign of the resulting value. This makes implicit representations well suited for
constructive solid geometry (CSG), where complex objects are constructed by boolean operations
of simpler ones (cf. Fig. 2.6). The different boolean operations can easily be computed by
simple min and max combinations of the objects’ implicit functions. Hence, implicit surfaces
can easily change their topology. Moreover, since an implicit surface is a level-set of a potential
function, geometric self-intersections cannot occur, which will later be exploited for mesh repair
(Chapter 4).

The implicit function F for a given surface S is not uniquely determined, but the most common
and most natural representation is the so-called signed distance function, which maps each 3D
point to its signed distance from the surface S. In addition to inside/outside queries, this
representation also simplifies distance computations to simple function evaluations, which can be
used to compute and control the global error for mesh processing algorithms [WK03, BBVKO04].

On the other hand, enumerating points on an implicit surface, finding geodesic neighborhoods,
and even just rendering the surface is quite difficult. Moreover, implicit surfaces do not provide
any means of parameterization, which is why it is almost impossible to consistently paste textures
onto evolving implicit surfaces. Furthermore, boundaries cannot be represented.

2.4.1 Regular Grids

In order to efficiently process implicit representations, the continuous scalar field F is typically
discretized in some bounding box around the object using a sufficiently dense grid with nodes
8ijk € IR3. The most basic representation therefore is a uniform scalar grid of sampled values
Fiji = F(gijk), and function values within voxels are derived by tri-linear interpolation, thus
providing quadratic approximation order. However, the memory consumption of this naive data
structure grows cubically if the precision is increased by reducing the edge length of grid voxels.

2.4.2 Adaptive Data Structures

For better memory efficiecy the sampling density is often adapted to the local geometric signifi-
cance in the scalar field F: Since the signed distance values are most important in the vicinity
of the surface, a higher sampling rate can be used in these regions only. Instead of a uniform
3D grid, a hierarchical octree is then used to store the sampled values [Sam94]. The further
refinement of an octree cell lying completely inside or outside the object does not improve the
approximation of the surface S. Adaptively refining only those cells that are intersected by the
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Figure 2.7: Different adaptive approximations of a signed distance field with the same accuracy:
3-color quadtree (left, 12040 cells), ADF [FPRJO00] (center, 895 cells), and BSP tree [WKO03]
(right, 254 cells).

surface yields a uniformly refined crust of leaf cells around the surface and reduces the storage
complexity from cubic to quadratic (cf. Fig. 2.7, left).

If the local refinement is additionally restricted to those cells where the tri-linear interpolant
deviates more than a prescribed tolerance from the actual distance field, the resulting approx-
imation adapts to the locality of the surface as well as to its shape complexity [FPRJ0O0] (cf.
Fig. 2.7, center). Since extreme refinement is only necessary in regions of high surface curvature,
this approach reduces the storage complexity even further and results in a memory consumption
comparable to explicit representations. Similarly, an adaptive space-decomposition with linear
(instead of tri-linear) interpolants at the leaves can be used [WKO03]. Although the asymptotic
complexity as well as the approximation power are the same, the latter method provides slightly
better memory efficiency (cf. Fig. 2.7, right).

2.5 Conversion Methods

In order to exploit the specific advantages of explicit and implicit surface representations effi-
cient conversion methods between the different representations are necessary. However, notice
that both kinds of representations are usually finite samplings (triangle meshes in the explicit
case, uniform/adaptive grids in the implicit case) and that each conversion corresponds to a
re-sampling step. Hence, special care has to be taken in order to minimize loss of information
during these conversion routines.

2.5.1 Explicit to Implicit

The conversion of an explicit surface representation to an implicit one amounts to the computa-
tion or approximation of its signed distance field. This can be done very efficiently by voxelization
or 3D scan-conversion techniques [Kau87], but the resulting approximation is piecewise constant
only. As a surface’s distance field is in general not smooth everywhere, a piecewise linear or piece-
wise tri-linear approximation seems to be the best compromise between approximation accuracy
and computational efficiency. Since we focus on triangle meshes as explicit representation, the
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conversion to an implicit representation basically requires the computation of signed distances
to the triangle mesh at the nodes of a (uniform or adaptive) 3D grid.

Computing the exact distance of a grid node to a given mesh amounts to computing the
distance to the closest triangle, which can be found efficiently by spatial data structures. Notice
that in order to compute a signed distance field, one additionally has to determine whether a
grid node lies inside or outside the object. If g denotes the grid node and c its closest point
on the surface, then the orientation can be derived from the angle between (g — c¢) and the
normal n(c): g is defined to be inside if (g — ¢)?n(c) < 0. The robustness and reliability of
this test strongly depends on the way the normal n(c) is computed. Using barycentric normal
interpolation within triangles’ interiors and computing per-vertex normals using angle-weighted
averaging of face normals was shown to yield correct results [AB03].

Computing the distances on a whole grid can be accelerated by fast marching methods [Set96].
In a first step, the exact signed distance values are computed for all grid nodes in the immediate
vicinity of the triangle mesh. After this initialization, the fast marching method propagates
distances to the unknown grid nodes in a breadth-first manner.

2.5.2 Implicit to Explicit

The conversion from an implicit or volumetric representation to an explicit triangle mesh, the
so-called isosurface extraction, occurs for instance in CSG modeling (cf. Fig. 2.6) and in medical
applications, e.g., to extract the skull surface from a CT head scan. The de-facto standard
algorithm for isosurface extraction is Marching Cubes [LC87]. This grid-based method samples
the implicit function on a regular grid and processes each cell of the discrete distance field
separately, thereby allowing for trivial parallelization. For each cell that is intersected by the
iso-surface S a surface patch is generated based on local criteria. The collection of all these small
pieces eventually yields a triangle mesh approximation of the complete iso-surface S.

For each edge intersecting the surface S the Marching Cubes algorithm computes a sample
point which approximates this intersection. In terms of the scalar field F' this means that the
sign of F differs at the edge’s endpoints p; and p,. Since the tri-linear approximation F' is
actually linear along the grid edges, the intersection point s can be found by linear interpolation
of the distance values dy := F(p,) and ds := F(p,) at the edge’s endpoints:

s= Bl o, b
di] + |do| 1 Jda] + [do T*
The resulting sample points of each cell are then connected to a triangulated surface patch
based on a triangulation look-up table holding all possible configurations of edge intersections
(cf. Fig. 2.8). Since the possible combinatorial configurations are determined by the signs at a
cell’s corners, their number is 28 = 256.

Notice that a few cell configuration are ambiguous, which might lead to cracks in the extracted
surface. A properly modified look-up table yields a simple and efficient solution, however, at the
price of sacrificing the symmetry w.r.t. sign inversion of F' [MSS94]. The resulting isosurfaces
then are watertight 2-manifolds, which is exploited by many mesh repair techniques (Chapter 4).

Notice that Marching Cubes computes intersection points on the edges of a regular grid only,
which causes sharp edges or corners to be “chopped of”. A faithful reconstruction of sharp
features would instead require additional sample points within the cells containing them. The
extended Marching Cubes [KBSS01] therefore examines the distance function’s gradient VF to
detect those cells and to find additional sample points by intersecting the tangent planes at the
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Figure 2.8: The 15 base configurations of the Marching Cubes triangulation table. The other
cases can be found by rotation or symmetry.

edge intersection points. This principle is depicted in Fig. 2.9, and a 3D example of the well known
fandisk dataset is shown in Fig. 2.10. An example implementation of the extended Marching
Cubes based on the OpenMesh data structure [BSM05] can be downloaded from [Bot05a].

The high complexity of the extracted isosurfaces remains a major problem for Marching Cubes
like approaches. Instead of decimating the resulting meshes (Chapter 9), Ju et al. [JLSWO02]
proposed the dual contouring approach, which allows to directly extract adaptive meshes from
an octree. Notice however that their approach yields non-manifold meshes for cell configurations
containing multiple surface sheets. A further promising approach is the cubical marching squares
algorithm [HWC™05], which also provides adaptive and feature-sensitive isosurface extractions.

[ \ < L7

Figure 2.9: By using point and normal information on both sides of the sharp feature one can
find a good estimate for the feature point at the intersection of the tangent elements. The dashed
line is the result the standard Marching Cubes algorithm would produce.
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Figure 2.10: Two reconstructions of the “fandisk” dataset from a 65 x 65 x 65 sampling of its
signed distance field. The standard Marching Cubes algorithm leads to severe alias artifacts near
sharp features (fop), whereas the feature-sensitive iso-surface extraction faithfully reconstructs

them (bottom).
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3 Mesh Data Structures

The efficiency of the geometric modeling algorithms presented in this tutorial crucially depends
on the underlying mesh data structures. A variety of data structures has been described in the
literature, and a number of different implementations are available. We refer to [Ket98] for an
excellent overview and comparison of different mesh data structures and to [FHO03, FHO5b] for
references on data structures for representing non-manifold meshes.

In general, when choosing a data structure one has to take into account topological as well as
algorithmic considerations:

Topological requirements. Which kinds of meshes need to be represented by the data struc-
ture? Do we need boundaries or can we assume closed meshes? Do we need to represent complex
edges and singular vertices (see Chapter 4) or can we rely on a manifold mesh? Can we restrict
ourselves to pure triangle meshes or do we need to represent arbitrary polygonal meshes? Are
the meshes regular, semi-regular or irregular? Do we want to build up a hierarchy of differently
refined meshes or do we need only a flat data structure?

Algorithmic requirements. Which kinds of algorithms will be operating on the data structure?
Do we simply want to render the mesh? Do we need to modify only the geometry of the mesh,
or do we also have to modify the connectivity/topology? Do we need to associate additional
data with the vertices, edges or faces of the mesh? Do we need to have constant-time access to
the local neighborhoods of vertices, edges and faces? Can we assume the mesh to be globally
orientable?

The simplest representation for triangle meshes would just store a set of individual triangles.
Some data exchange formats use this representation as a common denominator (e.g., STL for-
mat). However, it is immediately clear that this is not sufficient for most requirements: connec-
tivity information cannot be accessed explicitly, and vertices and associated data are replicated.
The latter can be fixed by a shared vertex data structure, which stores a table of vertices and en-
codes triangles as triples of indices into this table. In fact this representation is used in many file
formats because it is simple and efficient in storage (assuming no mesh compression is applied).
Similarly, it is efficient for certain algorithms that assume static data, e.g., rendering. However,
without additional connectivity information this is still not efficient for most algorithms.

Before we go on, we want to identify some minimal set of operations that are frequently used

by most algorithms.

e Access of individual vertices, edges, faces. This includes enumeration of all elements (in
no particular order).

e Oriented traversal of edges of a face, which refers to finding the next edge in a face. (This
defines also degree of the face and the inverse operation for the previous halfedge. With
additional access to vertices, e.g., rendering of faces is enabled.)
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e Access of the faces attached to an edge. Depending on orientation this is either the left or
right face in the manifold case. This enables access to neighboring faces and hence traversal
of faces (and boundaries as special case).

e Given an edge access its starting and/or end vertex.

e Given a vertex at least one attached face or edge must be accessible. Then (for manifold
meshes) all other elements in the one-ring neighborhood of a vertex can be enumerated,
i.e., incident faces, edges, or neighboring vertices.

These operations enable local and global traversal of the mesh. They relate vertices, edges and
faces by connectivity information (and orientation). We remark that all these operations are
possible even for a shared vertex representation, however, this requires expensive searches.

Several data structures have been developed which enable fast traversal of meshes. Well-known
are winged-edge [Bau72], quad-edge [GS85], and half-edge [Man88] data structures in different
flavors (see, e.g., [O'R94]).

From our own experience, we have found two of these mesh data structures to be especially
suitable for geometry processing: halfedge data structure (Section 3.1) and directed edges struc-
ture [CKS98] (Section 3.2) as a special case for triangle meshes. Both data structures allow for
efficient enumeration of neighborhoods of vertices and faces. This operation is frequently used in
many algorithms, e.g., in mesh smoothing and mesh decimation. The halfedge data structure is
able to represent arbitrary polygonal meshes that are subsets of a 2-manifold. The directed edges
data structure is more memory efficient, but it can only represent 2-manifold triangle meshes.

3.1 Halfedge Data Structure

One of the most convenient and flexible data structures in geometry processing is the halfedge
data structure [Man88, Ket98]. This structure is able to represent arbitrary polygonal meshes
that are subsets of orientable 2-manifolds. In this data structure each edge is split into two
opposing halfedges such that all halfedges are oriented consistently in counter-clockwise order
around each face and along the boundary, see Fig. 3.1. For each halfedge we store a reference to

e the vertex it points to

e its adjacent face (a zero pointer, if it is a boundary halfedge)

the next halfedge of the face or boundary (in counter-clockwise direction)

e its inverse (or opposite) halfedge

the previous half-edge in the face (optional for better performance)

Additionally we store references for each face to one of its adjacent halfedges and for each vertex
to one of its outgoing halfedges. Thus, a basic halfedge structure can be realized using the
following classes:
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struct Halfedge { struct Face {
HalfedgeRef next_halfedge; HalfedgeRef halfedge;
HalfedgeRef opposite_halfedge; h
FaceRef face;
VertexRef to_vertex; struct Vertex {
+ HalfedgeRef outgoing_halfedge;

I

This simple structure already enables us to enumerate for each element (i.e. vertex, edge, halfedge
or face) its adjacent elements. As an example, the following procedure enumerates all vertices
that are adjacent to a given center vertex (the so-called 1-ring)

enumerate_1_ring(Vertex * center)
{
HalfedgeRef h = outgoing_halfedge(center);
HalfedgeRef hstop = h;
do {
VertexRef v = to_vertex(h);
// do something with v
h = next_halfedge(opposite_halfedge(h));
} while ( h != hstop );

The implementation of the references (e.g., HalfedgeRef) can be realized in different ways,
for instance using pointers or indices. In practice, index representations (see, e.g., Section 3.2)
are more flexible even though memory access is indirect: using indices into data arrays enables
efficient memory relocation (and simpler and more compact memory management) and all at-
tributes of a vertex (edge, face) are identified by the same index. As a side effect, use of indices
is platform compatible. More important in this context is the following observation: halfedges
always come in pairs. Thus when we actually implement a halfedge data structure we group
inverse halfedges pairwise in an array. This trick has two advantages: first, the opposite halfedge
is given implicitly by an addition modulo two so there is no need to explicitly store it. Second, we
obtain an explicit representation for “full” edges, which is important when we want to associate
data with edges rather than halfedges. (Note that this is generally also possible with a pointer
implementation.)

3.2 Directed Edges

The directed edges data structure [CKS98] is a memory efficient variant of the halfedge data
structure designed for triangles meshes. It has the following restrictions:

e Only triangle meshes can be represented.

e There is no explicit representation of edges.

The main benefit of directed edges is memory efficiency while they can represent all triangle
meshes which can be represented by the general halfedge data structure. In addition some
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I to_vertex
o—» next_halfedge
o—» opposite_halfedge
o« face

Figure 3.1: This figure shows the references stored with each halfedge. Note that the next_halfedge
references enable traversing the boundary loop.

atomic operations are more efficient than for general halfedges. However, traversing boundary
loops is more expensive as there is no atomic operation to enumerate the next boundary edge.

The directed edges data structure is based on indices as references to each element (vertex,
face, halfedge). The indexing is not arbitrary but follows certain rules that implicitly encode
some of the connectivity information of the triangle mesh. Instead of pairing opposite halfedges
(see above), this data structure groups the three halfedges belonging to a common triangle. To
be more precise, let f be the index of a face, then the indices of its three halfedges are given as

halfedge(f,i) =3f+i, ¢=0,1,2

Now let h be the index of a halfedge. Then the index of its adjacent face and its index within
that face are simply given by
face(h) = h/3

Not surprisingly, we can also compute the index of h’s next halfedge as (h + 1) mod 3. The
remaining parts of the connectivity have to be stored explicitly in arrays. Thus for each vertex
we store the index of an outgoing halfedge. For each halfedge, we store the index of its opposite
halfedge and the index of the vertex, the halfedge points to.

Notes

e The directed edge data structure handles boundaries by special (e.g., negative) indices
indicating that the inverse edge is invalid. This leads to a non-uniform treatment of the
connectivity encoding and some special cases.

e We have described the directed edges data structure for pure triangle meshes. An adaption
to pure quad meshes is straightforward. However, it is not possible to mix triangles and
quads, which severely limits this extension to regular settings.

3.3 Mesh Libraries: CGAL and OpenMesh

Although the description of a halfedge data structure is straightforward, its implementation is
not. Programming a basic mesh data structure might thus be a good exercise for an undergrad-
uate course in geometric modeling, but designing and implementing a full-fledged mesh library
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that is memory- and time-efficient, robust and easy to use and that is possibly equipped with a
number of standard operations and algorithms is an advanced and time consuming task. Among
others the following issues have to be taken into account:

e Access: How can we conveniently access vertices, edges and faces? How can we conveniently
enumerate neighborhoods or navigate along mesh boundaries?

e Modification: How can a mesh be modified by the user? How can vertices and faces be
added or deleted? How can we guarantee that after a modification the data structure is
still consistent?

e Composed operations: How can high level operations like halfedge-collapses, face-splits etc.
be implemented efficiently?

e Parameterization: How can arbitrary additional data efficiently be with the vertices, edges
and faces of the mesh? What kind of memory management is efficient?

e Input and output: How to read and write data from different file formats? How to build
up a halfedge-structure from an indexed face set?

Taking all these issues into account and coping with the often subtle problems when modifying
the data structure, we strongly recommend to use one of full featured, publicly available mesh
libraries. We refer the interested programmer to the following C++ libraries.

CGAL, the Computational Geometry Algorithms Library, is a generic C++ library for geo-
metric computing. It provides basic geometric primitives and operations, as well as a collection
of standard data structures and geometric algorithms, including 3D polyhedral surfaces with a
halfedge data structure and a rich set of 2D and 3D triangulations. CGAL is specifically designed
to provide reliable solutions to efficiency and robustness issues which are of crucial importance
in geometric algorithms. Robustness and scalability of the algorithms are achieved by isolating a
minimal number of predicates and constructors, and by the use of templated kernels. The CGAL
library is available at http://www.cgal.org.

OpenMesh provides efficient halfedge data structures for polygonal meshes, their input/output
and several standard geometry processing algorithms. OpenMesh is available at
http://www.openmesh.org.

Comparing objectives and functionalities of these two libraries, CGAL is much more ambitious.
Its rich foundation of algorithms is strongly biased by computational geometry with focus on
robust and exact algorithms. CGAL has a wide user base and a number of research institutions
actively contribute to its development. A major difference in data structures is the support for
tetrahedral meshes. In contrast, OpenMesh is highly specialized on efficient processing of surface
meshes based solely on halfedge data structures. It takes over some concepts of CGAL which
provided one of the first publicly available halfedge data structures. It is much more focused
on requirements of modeling with polygonal meshes and provides a set of standard geometry
processing algorithms, like mesh smoothing, decimation, etc. We note that both libraries have
different licensing policies.

As some authors of this tutorial were actively involved in the design and implementation of
OpenMesh, we will describe this library in more detail here. Note that the same functionality is
available in CGAL, however, the code reads differently.
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e Access: Vertices, edges, halfedges and faces are all explicitly represented in OpenMesh

and can easily be accessed through iterators or through handles (which replace indices
as references). OpenMesh also provides so-called circulators that allow to enumerate the
neighborhoods of each element. The following example shows how to compute the barycen-
ter of the 1-ring of each vertex in a mesh:

TriangleMesh mymesh;
(...) // Read a mesh

// A Vertexlter is an STL-compliant iterator to enumerate all vertices of a mesh
for ( Vertexlter vi = mymesh.vertices_begin(); vi = mymesh.vertices_end(); ++vi )
{
int cnt = 0;
Point cog(0,0,0);
// A VertexVertexlter is a circulator that enumerates the 1-ring of a vertex
for ( VertexVertexlter vwi = mymesh.vv_iter(vi); wvi; ++wvi )
{
cnt +=1;
cog += mymesh.point(wvi);
}
cog /= cnt;
// Now cog equals the center of gravity of vi's neighbors
}

Modification: OpenMesh provides functions to add and remove vertices and faces to and
from a mesh. These operations are guaranteed to preserve a consistent state of the mesh.
The following example shows how to add a triangle to a mesh:

TriangleMesh mymesh;

// Add three vertices to the mesh

VertexHandle vO = mymesh.add_vertex( Point( 0, 0, 0
VertexHandle vl = mymesh.add_vertex( Point( 0, 1, 0 ) );
VertexHandle v2 = mymesh.add_vertex( Point( 3, 0, 2

// Connect the vertices by a triangle
FaceHandle f = mymesh.add_face( v0, v1, v2 );

// Remove the face
mymesh.delete_face( f );

Composed operations: OpenMesh provides a number of high-level operations, among them
halfedge-collapse, vertex-split, face-split, edge-split and edge-flip. It also provides functions
that test whether a certain operation is legal or not. The following snippet of code tries to
collapse all edges that are shorter than a given threshold:

TriangleMesh mymesh;

()

for ( Halfedgelter hi = mymesh.halfedges_begin(); hi != mymesh.halfedges_end(); ++hi )
f

if (! mymesh.status( hi ).is_deleted() )

{

Point a = mymesh.point( mymesh.from_vertex_handle( hi ) );
Point b = mymesh.point( mymesh.to_vertex_handle( hi ) );
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if ( (b-a).norm() < epsilon && mymesh.is_collapse_ok( hi ) )
mymesh.collapse( hi );
}

mymesh.garbage_collection();

Parameterization: Arbitrary additional data can be associated with the vertices, edges,
halfedges or faces of a mesh via OpenMesh’s property mechanism. This mechanism allows
to assign and remove data from the mesh at runtime. Thus it is for example possible to
temporarily assign to each edge a weight:

TriangleMesh mymesh;

()

// Add a property (in this case a float) to each edge of mymesh

EdgePropertyHandle< float > weight;

mymesh.add_property(weight);

// Assign values to the properties

for ( Edgelter ei = mymesh.edges_begin(); ei != mymesh.edges_end(); +-+ei )
mymesh.propery( weight, ei ) = some_value;

()

// Do something with the properties

for ( Edgelter ei = mymesh.edges_begin(); ei != mymesh.edges_end(); +-+ei )
do_something_with( mymesh.propery( weight, ei ) );

()

// If the weights are not needed anymore, remove them to free some memory
mymesh.remove_property(weight);

Input and output: OpenMesh reads and writes st1 (ASCII and Binary), off and obj files.
Handlers for other file types can easily be added by the user.

TriangleMesh mymesh;
read_mesh( mymesh, "a_filename.off" );
()

write_mesh( mymesh, "another_filename.stl” );

Standard algorithms: OpenMesh provides a set of standard algorithms that can easily
be customized to different needs. Among these algorithms are: smoothing (Chapter 7),
decimation (Chapter 9) and subdivision (see also Chapter 10).

3.4 Summary

Efficient data structures are crucial for geometry processing based on polygonal meshes. We
recommend halfedge data structures (or directed edges as a special case for triangle meshes), for
which full-featured and publicly available implementations already exist, e.g., CGAL or Open-
Mesh.
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4 Model Repair

In short, model repair is the task of removing artifacts from a geometric model to produce
an output model that is suitable for further processing by downstream applications that have
certain quality requirements on their input. Although this definition is most often too general, it
nonetheless captures the essence of model repair: the definition of what we mean by a “model”,
of what exactly constitutes an “artifact” and what is meant by “suitable for further processing”
is highly dependent on the problem at hand and there generally is no single algorithm which is
be applicable in all situations.

Model repair is a necessity in a wide range of applications. As an example, consider the design
cycle in automotive CAD/CAE/CAM: Car models are typically manually designed in CAD
systems that use trimmed NURBS surfaces as the underlying data structure for representing
geometry. However, downstream applications like numerical fluid simulations cannot handle
NURBS patches but need a watertight, manifold triangle mesh as input. Thus there is a need for
an intermediate stage that converts the NURBS model into a triangle mesh. Unfortunately, this
conversion process often produces artifacts that cannot be handled by downstream applications.
Thus, the converted model has to be repaired — often in a manual and tedious post-process.

The goal of this tutorial is to give a practical view on the typical types of artifacts that
occur in geometric models and to introduce the most common algorithms that address these
artifacts. After giving a short overview on the common types of artifacts in Section 4.1, we start
out in Section 4.2 by classifying repair algorithms on whether they explicitly identify and resolve
artifacts or on whether they rely on an intermediate volumetric representation that automatically
enforces certain consistency constraints. This classification already gives a hint on the strengths
and weaknesses of a particular algorithm and on the quality that can be expected from its
output. In Section 4.3 we then give an overview on the different types of input models that
are encountered in practice. We describe the specific artifacts and problems of each model and
explain their origin. We also give references to algorithms that are designed to resolve these
artifacts. Finally, we present some of the common model repair algorithms in more detail in
Section 4.5. We give a short description on how each algorithm works and to which models it
is applicable. We hope that this provides a deeper understanding of the often subtle problems
that occur in model repair and of ways to address these problems. Some of these algorithms are
relatively straightforward, while others are more involved such that we can only show their basic
mechanisms.

4.1 Artifact Chart

The chart in Fig. 4.1 shows the most common types of artifacts that occur in typical input
models. Note that this chart is by no means complete and in particular in CAD models one
encounters further artifacts like self-intersecting curves, points that do not lie on their defining
planes and so on. While some of these artifacts, e.g., complex edges, have a precise meaning,
others, like the distinction between small scale and large scale overlaps, are described intuitively
rather than by strict definitions.
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Figure 4.1: Artifact chart
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